
Reply:
In his letter, Dr. Salim reports that he imple-

mented the new algorithm for solving cubic
equations, but failed to obtain the CPU time
reduction over the Cardano method that had been
mentioned in our paper.

First of all it has to be stated that we fully agree
with the principles of efficient programming laid
down in his letter. His analysis of the Cardano
algorithm is fine, and his lines of C code practi-
cally match those in our program. Therefore the
discrepancies of CPU time reductions are proba-
bly not the result of different implementations of
the Cardano algorithm.

It may be worthwhile mentioning that using
the C library cbrt(3M) instead of the generic
power function pwr(3M) for computing cube
roots simplifies the Cardano program, but
that—at least on the computers available to us—
the construct

��x � 0.0� ? pow�x, 1.0/3.0� :

�pow��x, 1.0/3.0��

appears to run faster [pow(3M) is officially not
defined for negative arguments, although some
compilers do not seem to mind].

Concerning the efficiency of the new algo-
rithm one has to keep in mind that its second step
is a search of the interval [�w; �w] with w � 1
� max(� bi �), i � 0, 1, 2, where the bi are the
coefficients of the reduced cubic polynomial

x3 � b2x
2 � b1x � b0 � 0 (1)

According to Vieta’s rules, the coefficient b0 is the
product of the three real or complex roots, x1 to x3

b0 � �x1x2x3 (2)

If the xi represent volumes given in cm3/mol, b0

can be a rather large number, and consequently
the search interval can be very wide, which slows
down the algorithm.

It had been pointed out in our paper that it is
advantageous to formulate the calculation of
roots of an equation of state in terms of densities

rather then volumes. For example, we imple-
mented the equation of state of van der Waals in
the ThermoC program package1,2 in the following
way1

p �
RT

Vm � b
�

2�RT*

Vm
2 (3)

By introducing reduced variables

�̃ � b/Vm T̃ � T/�2�T*� p̃

� pb/�2�RT*� (4)

this equation of state is transformed into

p̃ �
T̃�̃

1 � �̃
� �̃2 (5)

From this the following cubic equation for the
reduced density is obtained

�̃3 � �̃2 � � p̃ � T̃��̃ � p̃ � 0 (6)

Note that the physically meaningful solutions
for �̃ are now in the range [0; 1] and that the
reduced temperature and pressure are small pos-
itive numbers; thus the problem of a search range
that is too wide is avoided.

Our recent implementation of the new algorithm
has CPU time consumptions of 1.7–1.9 �s (one real
root) or 2.1–2.2 �s (three real roots) on a Hewlett–
Packard B1000 workstation (HP-PA2 processor,
300 MHz); the corresponding CPU times for the
Cardano method are 2.1 and 3.5 �s, respectively.
On an Intel Centrino processor with 1.4 GHz the
results are 0.5–0.9 �s (one root) and 0.9–1.1 �s
(three roots); the times for the Cardano algorithm
are 1.0–1.3 and 1.3–1.7 �s, respectively.

These CPU time results are valid for cubic
polynomials in which all coefficients are of sim-
ilar size, and we must stress the point that the
problem of the density calculation for an equa-
tion of state can always be programmed in such a
way that this condition is fulfilled.

If the condition is not fulfilled, that is, in the
case of cubic polynomials with arbitrary coeffi-
cients, the CPU time required by the new algo-
rithm can increase by a factor of about 2, and
then it is indeed no longer faster than Cardano’s
algorithm. In this case, Dr. Salim’s observation is
confirmed.

For the sake of completeness we note that the
iterative algorithm can be improved to cope with
coefficients of arbitrary size by introducing a
scaling factor, that is, by transforming Eq. 1 into

z3 �
b2

�
z2 �

b1

�2 z �
b0

�3 � 0 with z � �x

(7)

The scaling factor � could in principle be es-
timated from

� � max��3 �b0�, ��b1�, �b2�� (8)

but that would require time-consuming evalua-
tions of root functions. For practical purposes,
however, rough estimates for the roots are suffi-
cient; they can be obtained by extracting the
exponents of the floating-point representations of
the bi with the C library function frexp(3M),
dividing them by 2 or 3, and converting the
largest result back to a floating-point representa-
tion with ldexp(3M). With the � value obtained
this way, Eq. 7 is solved for z, and from this x is
recovered. This algorithm is stable for arbitrary
values of the polynomial coefficients, but it is no
longer faster than Cardano’s method.

Finally it should be noted that a further CPU
time reduction can be achieved for the van der
Waals equation by omitting the reduction step
(the division of the polynomial coefficients by a3

to obtain the form of Eq. 1), if reduced properties
are used as in Eq. 6; this saves one floating point
division and three multiplications. The same is
true for the Redlich–Kwong equation of state and
its variations,3 but not for the Peng–Robinson
equation.4 This way of saving CPU time applies
to the Cardano method and the iterative algo-
rithm alike.
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1 The factor 2� is here not only for theoretical rea-
sons; it also ensures that T* is comparable to the critical
temperature, which is numerically convenient.
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